We consider the properties of the average-energy spectrum of an object that is coherently illuminated and then viewed. after it passes through a random screen. We show that use of a dilute aperture permits the retrieval of diffraction-limited information for a statistically varying object. The factors influencing the accuracy of this procedure are discussed. Results of a computer simulation that are consistent with our theoretical predictions are presented.
INTRODUCTION
Over the past two decades a number of techniques have been developed to obtain diffraction-limited images of incoherently illuminated or self-luminous objects viewed through atmospheric turbulence. The most notable of these techniques are speckle interferometry,' the KnoxThompson method, 2 triple-correlation or bispectral analysis,' and the phase-gradient method. 4 In a recent paper Mavroidis et al. 5 examined the analogous problem of a statistically varying object that is coherently illuminated by a plane wave and viewed through a random screen. Their analysis shows that after it is averaged over the statistical ensembles of both the object and the random screen, the time-averaged energy spectrum contains diffractionlimited information. However, unlike in the incoherent case, retrieval of this information is generally nontrivial because the imaging is nonlinear.
In this paper we will consider a model similar to that of Mavroidis et al., 5 but we will examine the properties of the energy spectrum when viewing takes place through a dilute aperture. The detailed design of the aperture is not of immediate interest in our analysis. A detailed discussion of imaging with dilute apertures is given by Barakat. 6 In Fig. 1 we depict a general object located in the far field of the pupil plane. The object is coherently illuminated by a plane wave, and the reflected light propagates to the pupil plane through an infinite random screen that is situated in the pupil plane. In our analysis we seek expressions for the average-energy spectrum for two distinct situations. Initially we consider a statistically varying object for which we assume we obtain an ensemble average over the surface-roughness statistics. It should be noted, however, that the conditions under which we would obtain a true ensemble over the object roughness have not been definitively established. The averaging for this case, which takes place over both object and screen ensembles, is referred to as double averaging. When the object is deterministic, we refer to averaging over only the screen ensemble as single averaging. The most important assumptions made in our analysis are that the statistics of the screen and the object ensemble may both be taken to be complex Gaussian. This has been shown to be a reasonable assumption for the atmosphere as visibility deteriorates 7 and will hold for an object ensemble if the object is rough on the scale of the wavelength. The illumination is assumed to be monochromatic. In the interest of brevity, one-dimensional notation is used throughout, although the results are also valid in two dimensions.
SHORT-EXPOSURE ENERGY SPECTRUM
In Fig. 1 the complex field in the object plane after illumination is (1) where l(x) is the illumination function [for a unitamplitude plane wave 1(x) = 1] and o(x) is the complex amplitude reflectivity.
After propagation to the far field of the object, the field in the pupil plane is given by
where a(e) is the amplitude transmission function of the screen, ho(() is the amplitude transmission function of the aperture, A is the wavelength, and R is the distance between the pupil and object planes. Unimportant constants have been ignored in Eq. (2). The Fourier transform O(6) of the complex amplitude in the object plane is defined by (3) O(5) = 7 uo(x)exp A (x)dx.
We may now write Eq. (2) as Ub(6) = a(6)ho(6)6 (6) .
The Fourier spectrum of the intensity in the image plane is given by the autocorrelation of the field in the pupil plane, the field exists between any pair of subapertures. We will show that this property leads to a considerable simplification in our analysis. We represent the complex amplitude transmission function of a dilute aperture by an array of delta functions, 
IMAGING WITH A DILUTE APERTURE

A. Energy Spectrum of a Statistically Varying Object
Consider an object viewed through the random screen under conditions for which a statistical ensemble over the surface-roughness statistics may be taken. We seek to average Eq. (7) over both screen and object statistics. By assuming that these two processes are independent and governed by the complex-Gaussian distribution, we may apply Reed's theorem 8 for the evaluation of fourth-order moments. This gives
where (( ) signifies double averaging, C( 71 ) represents the normalized autocorrelation or coherence function of the screen, and C( 7 1 ) is the autocorrelation of the object amplitude spectrum. Equation (8) 5 for a general aperture. As is shown in Ref. 5 , information about the object is contained in the average-energy spectrum, but it cannot be extracted quantitatively in a simple manner. Consider now any dilute aperture for which the separation between any two subapertures is greater than the correlation length of the random screen. An important property of such an aperture is that no significant correlation of where the ej are the position vectors of each of the N subapertures. The spatial frequencies contained in an image formed by using a dilute aperture are determined by the vector separations between all possible pairs of the N subapertures.
From Eq. (9) we may write
Substitution of Eqs. (10) into Eq. (8) and integration with respect to and ' yields
where 24 denotes summation over all the indicesj, k, 1, and m. This expression may be further simplified by exploiting the constraint that was placed on the dilute aperture. Because all pairs of subapertures are separated by a distance greater than the correlation length of the screen, the coherence function C( -b) is significantly different from zero only when ba = Eb, in which case it is equal to unity.
After making the delta-function substitution for C(e6b) in Eq. (11), we find that the summation gives nonzero contributions to the zeroth frequency of the energy spectrum only when j = k and I = m. We thus have
Because the normalized coherence function of the screen C(O) = 1 and C( -6o) may be replaced by the corresponding delta function, Eq. (12) gives
where Io denotes the sum of all frequencies in the amplitude spectrum except for the zeroth. That is,
Consider the energy spectrum for a nonzero frequency.
Equation (11) is nonzero only when j = and k = m and For simplicity, in the remainder of this paper we will assume that our dilute aperture is nonredundant; our conclusions are essentially the same for the more general case. It should be noted that the more general case actually results in a better modulation transfer function and thus in greater accuracy for a given amount of time averaging. For the nonredundant aperture the particular value of 71 chosen is arbitrary and Eq. (16) is valid for all nonzero frequencies in the energy spectrum. Equations (13) and (16) give expressions for the zeroth and all nonzero frequencies of the energy spectrum in terms of the object amplitude spectrum. We thus seek to invert the equations to recover the amplitude spectrum in terms of the measured energy spectrum. By direct inspection of all N(N -1) nonzero frequencies in the spectrum [i.e., the use of Eq. (16) for all nonzero frequencies], we may estimate the following quantity:
which, using Eq. (14), we may write as
Combination of Eqs. (18) and (13) permits the zeroth frequency of the object spectrum autocorrelation to be expressed in terms of measured quantities,
ICO(0)12 = ((W(0))) -I'
4N
With knowledge of the zeroth frequency ICo(0)12, we can solve for the nonzero frequencies of the object-spectrum autocorrelation by using Eq. (16). Thus
(20)
For an ergodic random process it is straightforward to show that ICo( 71 )1 2 is equivalent to 16,(71)12, where O,(71) is the Fourier transform of the object intensity lo(x)12. In this case it is therefore theoretically possible to recover the object intensity spectrum to the diffraction limit of the imaging device.
B. Recovery for a Pure Phase Process The analysis in Subsection 3.A assumed the complexGaussian model for the statistics of the random screen. We now consider a pure phase process. Returning to Eq. (7), the general short-exposure energy spectrum, we follow the procedure in Subsection 3.A, substituting Eqs. (10) into Eq. (7) and integrating with respect to 6 and 6'. The zeroth frequency of the instantaneous energy spectrum is
k=l m-l Nonzero frequencies 7 = 6F-6B are given by
W((F -(B) = a(6F) Ia({n)I I2((F)I 2J(6n)I2.
(21)
It is clear from Eqs. (21) and (22) that the amplitude transmission terms appear only as modulus-squared terms and therefore always have zero phase, irrespective of the phase perturbations induced by the screen. Thus, for a pure phase process, averaging over the ensemble of screens does not influence the energy spectrum. By repeating the procedure that led to Eqs. (19) and (20) but averaging over the object ensemble only, we obtain the following equations for the recovery of the object-related term:
lCO(6F -B)I = ((W((F -B)))
Note the appearance of the factor 2N in the denominator of Eq. (23), whereas it was 4N in Eq. (19).
C. Calculation of Variance
The results of the analyses in Subsections 3.A and 3.B were derived for the theoretical limit of infinite ensemble averages. In practice, we may have averages taken over many realizations of object and screen statistics, but not an infinite number. In this section we consider the effects of finite ensemble averaging by calculating the variance on the recovered quantity ICo(&F -B)I 2.
We consider a pure phase process and assume that ensemble averaging over M independent realizations of the object roughness statistic takes place. In the limit as M -c O the values of the nonzero frequencies in the spectrum are given by combining Eqs. (23) and (24) as
CO(6F _ B)I = (W(6F -W) -
In practice, the number of realizations M is finite, and W(6F -{B), W(O), and I' are therefore statistical quanti-ties. We therefore write the instantaneous version (i.e., M = 1) of Eq. (25) as The explicit expression for N = 2 shows that, in general, the statistical accuracy of our estimate of the amplitude spectrum is object dependent with a minimum standard deviation of V5 times the mean. Estimates of frequencies for which ICo(6F -eB)12 << ICo(0)1 2 are dominated by the second term. Thus a good approximation for the majority of frequencies in the spectrum is that the standard deviation (normalized by the mean value) of the estimated frequency varies approximately as 1/(C).
D. Variance for N Pinholes
The expression for a general N-pinhole aperture is algebraically complicated but may be interpreted by a careful examination of Eqs. (35) 
We may simplify Eq. (30) to
where the term R1 simply denotes the remaining terms in the summation. We define the averaged quantity (33) A straightforward analysis using Reed's theorem to evaluate the fourth-and eighth-order complex-Gaussian moments yields 
1 -NJJo0J
It is particularly instructive to consider the case of a 
The key point to notice here is that all the terms in the expressions for R1 and R2 are essentially averages over the other frequencies in the amplitude spectrum. Thus C., 4 is an average value taken over all frequencies defined by the aperture, excluding the zeroth and the estimated frequency 6F -{B. This value will be considerably less than ICo(0)14. Similarly, CB 2 and C.F 2 are the average values of the spectral frequencies with one subaperture fixed at position vectors gB and 6F, respectively. These terms are, in general, much smaller than ICO(0)1 2. We can therefore conclude that the term 2R1 -R2 in Eq. (48) is relatively small and that, although the number of subapertures N affects the variance of our estimate in a complex way, the variance does not vary strongly with this parameter.
E. Energy Spectrum of a Deterministic Object
If we consider a deterministic object, we average Eq. (8) over the ensemble of random screens only (denoted ( 
Despite the relatively simple form of Eqs. (51) and (52), there is no simple method that permits the unique recovery of object-spectrum terms.
COMPUTER SIMULATION
A computer simulation was performed to test the validity of our analysis. Our computer-simulated object was chosen to be a simple one-dimensional object comprising 25 equally separated points. The intensity spectrum of this object is easily calculated analytically. The phase at each point was randomly sampled so as to lie with equal probability anywhere in the range 0 to 2r (thus, to a good approximation, giving rise to complex-Gaussian statistics in the pupil plane). The object was viewed in the far field through a one-dimensional Michelson aperture over many realizations of the roughness statistics, and the time-averaged energy spectrum was calculated. The pinhole separation of the Michelson aperture was periodically varied every 100,000 realizations, and individual frequencies were successively estimated by using Eqs. (23) and (24). Figure 2 compares the estimates with the analytically exact values of the intensity spectrum. The general agreement is good, confirming the basic theoretical validity of this approach. Figures 3(a) and 3(b) illustrate the object-dependent nature of the recovery process. The plots in Fig. 3(a) show the estimated value of the intensity spectrum for a promi- Fig. 3(b) is clearly much slower than that in Fig. 3(a) , which is in qualitative agreement with the predictions of Section 3.
CONCLUSION
The time-averaged energy spectrum of a coherently illuminated object viewed through a random screen situated in the pupil plane contains diffraction-limited information about the object itensity. It has been demonstrated theoretically that when the object is statistically varying, imaging with a dilute aperture provides the possibility of recovering the Fourier modulus of the object-intensity spectrum. The resulting expression for the intensity spectrum is object dependent, and the standard deviation (normalized by the mean) of the estimate of a given frequency has been shown to depend approximately inversely on the mean. This indicates that the frequencies that contribute most of the energy can be recovered relatively easily, whereas frequencies that make minor contributions to the energy spectrum can be estimated accurately only after averaging over a correspondingly larger ensemble of object statistics. A computer simulation has yielded results that are consistent with the theoretical predictions.
It is interesting that when the object is deterministic, there is no straightforward method for recovery of objectrelated terms.
